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Abstract. It is shown that a topological group G is topologically isomorphic 
to the isometry group of a (complete) metric space iff G coincides with its Qg- 
closure in the Rajkov completion of G (resp. if G is Rajkov-complete). It is 
also shown that for every Polish (resp. compact Polish; locally compact Polish) 
group G there is a complete (resp. proper) metric don X inducing the topology 
of X such that G is isomorphic to Iso(X, d) where X = I2 (resp. X = [0, 1]'^; 
X = [0, 1]" \ {point}). It is demonstrated that there are a separable Banach 
space E and a nonzero vector e Si E such that G is isomorphic to the group 
of all (linear) isometries of E which leave the point e fixed. Similar results are 
proved for an arbitrary complete topological group. 



1. Introduction 

In [13] Gao and Kechris proved that every Polish group is isomorphic to the 
(full) isometry group of some separable complete metric space. Later Melleray [18] 
and Malicki and Solecki [15] improved this result in the context of compact and, 
respectively, locally compact Polish groups by showing that every such group is 
isomorphic to the isometry group of a compact and, respectively, a proper metric 
space. (A metric space is proper iff each closed ball in this space is compact). All 
their proofs were complicated and based on the techniques of the so-called Katetov 
maps. Very recently [20] we involved quite a new method to characterize groups 
of homeomorphisms of a locally compact Polish space which coincide with the 
isometry groups of the space with respect to some proper metrics. As a consequence, 
we showed that every (separable) Lie group is isomorphic to the isometry group 
of another Lie group equipped with some proper metric and that every finite- 
dimensional [locally] compact Polish group is isomorphic to the isometry group 
of a finite-dimensional [proper locally] compact metric space. One of the aims of 
this paper is to give Gao's-Kechris', Melleray's and Malicki's-Solecki's results more 
"explicit" and unified form; 

1.1. Theorem. Let G be a Polish group. 

(a) There is a complete compatible metric d on £2 such that G is isomorphic to 
Iso(£2,d). 

(b) // G is compact, there is a compatible metric d on the Hilbert cube Q such that 
G is isomorphic to lso{Q,d). 

(c) // G is locally compact, there is a proper compatible metric d on Q \ {point} 
such that G is isomorphic to lso{Q \ {point}, d). 

We shall also prove the following 

1.2. Theorem. For every Polish group G there exist a separable real Banach space 
E and a nonzero vector e G -E such that G is isomorphic to the group of all linear 
isometries of E (endowed with the pointwise convergence topology) which leave the 
point e fixed. 
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Our methods can be adapted to general settings and give a characterization of 
topological groups which are isomorphic to isometry groups of complete as well 
as incomplete metric spaces. To this end, we recall that a topological group G is 
Rajkov- complete (or upper complete) iff it is complete with respect to the upper 
uniformity (see e.g. the remarks on page 1581 in [28] or [21] for more information 
on uniformities on topological groups). In other words, G is upper complete if every 
net {xo-jo-eE C G satisfying the following condition (C) is convergent in G. 

(C) For every neighbourhood U of the neutral element of G there is ctq € S 
such that both x<jX~/ and x~^Xa' belong to U for any cr, a' ^ (Jq. 

Equivalently, the net {xo-}ctgs satisfies (C) if both the nets {xctIctge and {x~^}cr<^Y: 
are fundamental with respect to the left uniformity of G. We call Rajkov-complete 
groups briefly complete. With this terminology we follow Uspenskij [28]. The class 
of all complete topological groups coincides with the class of all absolutely closed 
topological groups (a topological group is absolutely closed if it is closed in every 
topological group containing it as a topological subgroup). It is well-known that 
for every topological group G there exists a unique (up to topological isomorphism) 
complete topological group containing G as a dense subgroup (sec e.g. [21]). This 
complete group is called the Rajkov completion of G and we shall denote it by G. 

Less classical are topological groups which we call tj^-complete. To define them, 
let us agree with the following general convention. Whenever t is a topology on a 
set X, Ts stands for the topology on X whose base is formed by all Qs-sets (with 
respect to r) in X. (In particular, tj^-sets in {X, r) are open in (X, ts) ) Subsets of 
X which are closed or dense in the topology ts are called t7<5-closcd and tj^-dense, 
respectively (see e.g. [5]). 

It may be easily verified that if (G, r) is a topological group, so is (G, r^). We 
now introduce 

1.3. Definition. A topological group G is Qs-complete if {G,ts) is a complete 
topological group (where r is the topology of G). 

Equivalently, a topological group G is ^^-complete iff G is ^^-closed in G. The 

class of all t^s-complcte groups is huge (sec Proposition 4.3 below) and contains all 
complete as well as metrizable topological groups (more detailed discussion on this 
class is included in Section 4). However, there are topological groups which are not 
^i-complete (see Example 4.4 below). 

^^-complete groups turn out to characterize isometry groups of metric spaces, 
as shown by 

1.4. Theorem. Let G he a topological group. 

(A) The following conditions are equivalent: 

(Al) there exists a metric space {X,d) such that G is isomorphic to lso{X,d), 
(A2) G is Qs-complete. 

Moreover, if G is Qs-complete, the space X witnessing (Al) may he chosen so 
thatw{X) = w{G). 

(B) The following conditions are equivalent: 

(Bl) there exists a complete metric space {X,d) such that G is isomorphic to 

lso{X,d), 
(B2) G is complete. 

Moreover, if G is complete, the space X witnessing (Bl) may he chosen so that 

w{X)=w{G). 

(By w{X) we denote the topological weight of a topological space X.) A gener- 
alization of Theorems 1.1 and 1.2 has the following form: 
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1.5. Proposition. Let G be a complete topological group of topological weight not 
greater than /3 ^ Hq. 

(a) There is a complete compatible metric g on Hfs such that G is isomorphic to 
Iso('H^, g), where T-Ljj is a real Hilbert space of (Hilbert space) dimension equal 
to 13. 

(b) There are an infinite- dimensional real Banach space E whose topological weight 
is equal to j3 and a nonzero vector e € E such that G is isomorphic to the group 
of all linear isometrics of E which leave the point e fixed. 

As an immediate consequence of Theorem 1.4 and Proposition 1.5 we obtain 

1.6. CoroUeiry. Let % be a Hilbert space of Hilbert space dimension /3 ^ and let 

^ = {Iso('H, q): g is a, complete compatible metric on H}. 

Then, up to isomorphism, f# consists precisely of all complete topological groups of 

topological weight not exceeding (3. 

The paper is organized as follows. In Section 2 we give a new proof of the 
Gao-Kechris theorem mentioned above. We consider our proof more transparent, 
more elementary and less complicated. The techniques of this part arc adapted in 
Section 3 where we demonstrate that every closed subgroup of the isometry group 
of a [complete] metric space {X, d) is actually (isomorphic to) the isometry group 
of a certain [complete] metric space, closely 'related' to {X,d). This theorem is 
applied in the next part, where we establish basic properties of the class of all Qg- 
complete groups and prove Theorem 1.4. Fifth part contains proofs of Theorem 1.2, 
Proposition 1.5, point (a) of Theorem 1.1 and Corollary 1.6. The last section is 
devoted to the proofs of points (b) and (c) of the third of these results. 

Notation and terminology. In this paper N = {0, 1,2, . . .} (and it is equipped 
with the discrete topology). All isomorphisms between topological groups are topo- 
logical, all topological groups arc Hausdorff and all isometrics between metric spaces 
are, by definition, bijective. All normed vector spaces are assumed to be real. The 
topological weight of a topological space X is denoted by w{X) and it is under- 
stood as an infinite cardinal mimbc;r. Isometry groups (and all their siibscts) of 
metric as well as normed vector spaces are endowed with the pointwise convergence 
topology, which makes them topological groups. A Polish space (resp. group) is 
a completely mctrizable separable topological space (resp. group). A metric on a 
topological space is compatible iff it induces the topology of the space. It is proper 
if all closed balls with respect to this metric are compact (in the topology induced 
by this metric). Whenever (X, d) is a metric space, a G X and r > 0, Bx{a, r) and 
Bx{a,r) stand for, respectively, the open and the closed d-balls with center at a 
and of radius r. The Hilbert cube, that is, the countable infinite Cartesian power of 
[0, 1], is denoted by Q and £2 stands for the separable Hilbert space. A map means 
a continuous function. 

2. The Gao-Kechris theorem revisited 

This part is devoted to the proof of the Gao-Kechris theorem [13] mentioned in 
the introductory part and stated below. Another proof may be found in [18]. 

2.1. Theorem. Every Polish group is isomorphic to the isometry group of a certain 
separable complete metric space. 

For the purpose of this and the next section, let us agree with the following 
conventions. For every nonempty collection {AT^jses of topological spaces. Uses -^s 
denotes the topological disjoint union of these spaces. In particular, whenever the 
notation Uses appears, the sets Xg {s G S) are assumed to be pairwise disjoint 
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(the same rule for the symbol 'U'). Further, for a function /: X ^ X, an integer 
number n ^ 1 and an arbitrary point w, f® : X^ X" is the n-th Cartesian power 
of / (that is, f®{xi, . . . ,Xn) = (/(xi), . . . , /(x„))) and f xw: X x {w} — > X x {w} 
sends {x, w) to {f{x), w) for any x G X. Similarly, if d is a metric on X, d® denotes 
the maximum metric on X" induced by d, i.e. 

d®{{xx,...,Xn),{yi,.-.,yn))= max d{xj,yj); 

j—l,...,n 

and dxw is the metric onXx{w} such that {dxiu){{x, w), [y, w)) = d{x, y). Finally, 
for a topological space V and a map v: V ^ V wc put V = (^ x N) U (Ll^2 UN 
and define v: V ^ V hy the rules: v{x, to) = {v{x), m), v\yn = v® and v{m) = m 
for any x G V, m £ N and n € N \ {0}. To avoid repetitions, for a metric space 
{X, d) and arbitrary sets A, B C N and C C N \ {0, 1}, let us say a metric g on 
{X X A) U {\_\jQcX^) U B{c X) preserves d iff the following three conditions are 
satisfied: 

(AXl) g coincides with x rn on X x {to} for each m G A, 
(AX2) g coincides with d® on X" for each n e C, 

(AX3) g{x, y) ^ 1 whenever x and y belong to distinct members of the collection 

{Xx{to}: TOey4}U{X": neC}U{{fc}: keB}. 
Observe that (AX1)-(AX3) imply that 

(AX4) if g preserves d, then: • g is compatible; • is complete if so is d. 

The main result of this section is the following 

2.2. Proposition. Let (X, d) be a separable bounded complete metric space and let 
G be a closed subgroup of Iso(X, d). There exists a metric g on X such that g 
preserves d and the function 

G 3 u^u & Iso(X, g) 
is a well defined isomorphism of topological groups. 

The proof of Proposition 2.2 will be preceded by a few auxiliary results. The 
first of them is a kind of folklore and wc leave its (simple) proof to the reader. 

2.3. Lemma. Let {{Xs,ds)}s^s be a nonempty family of metric spaces such that 
for A = Hsgs we have: 

• Xg n Xg' = A and 1^^^ = c^s' |^xA f'^^ '^^y distinct indices s and s' 
ofS, 

• A is nonempty and closed in {Xs,ds) for each s G S. 

Let X = Uses '^"^ let d: X x X ^ [0, oo) be given by the rules: 

• d coincides with d^ on X^ x X^ for every s € S , 

• d{x,y) = iiif{ds{x,a) + ds'{a,y): a S A} whenever x S X^ \ X^' and 
y e Xg' \ Xg for distinct indices s and s'. 

Then d is a well defined metric on X with the following property. Whenever fg € 
lso{Xs,ds) {s e S) are maps such that fs\^ = /s'|^ and fs{A) = A for any 
s,s' e S, then their union f := Uses/s (that is, f = fs on Xg) is a well defined 
function such that f G Iso(X, d). 

The above result will be the main tool for constructing the metric g appearing 
in Proposition 2.2. 

In the next two results, (X,p) is a complete nonempty metric space with 

(2-1) p<l. 

2.4. Lemma. Let J C N \ {0} be a finite set such that n = card(J) > 1. There is 
a metric X on F := [X x {J U {0})] U X" which has the following properties: 
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(a) A preserves p and A ^ 5, 

(b) for every u G lso{X,p), e Iso(F, A), 

(c) if g € Iso(F, A) is such that g{X x {j}) = X x {j} for each j G J U {0}, then 

g = u\p for some u G lso{X,p). 

Proof. With no loss of generality, we may assume that J = {1, . . . ,n}. Let A = 
{{x\, . . . ,Xn) S Al": x\ = ... = Xn} and X'q be a metric on Alq := {X x 
{0}) U A such that Aq coincides with p x on X x {0}, with p® on A, and 
Ao((a;, 0), (a, . . . , a)) = 1 + p{x,a) for x € X and (a,..., a) G A. Now apply 
Lemma 2.3 for {(Xq, A'q), to obtain a metric Aq on {X x {0}) U X" 

which extends both Aq and p® . Observe that Aq preserves p, Aq ^ 3 (by (2-1)), 
^l(xx{0})ux" ^ Iso((X X {0}) U X", Ao) for each u & lso{X,p) and for arbitrary 

X^ Xij • • • , Xji G -X. 

(2-2) Ao((x, 0), {xi,..., Xn)) = 1 <s=^ a;i = . . . = a;„ = a;. 

Further, for j € J let Xj be a metric on (X x {j}) U X" such that Aj coincides with 
p X j on X X {j}, with p® on X" and A^ ((x, j), (xi , . . . , a;„)) = 1 +p(a;,a;j) for 
any a;, a;i, . . . , a;„ G X (Aj is indeed a metric thanks to (2-1)). Similarly as before, 
notice that Aj preserves p, Xj ^ 2 and for any x,xi, . . . ,Xn € X: 

(2-3) Xj{{x,j),{xi,...,Xn)) = l <s=^ a;j=a; 

Now again apply Lemma 2.3 for the family {(Xj,Aj): j G JU {0}} to obtain 
a metric A on which extends each of Aj ( j G J U {0}). It follows from the 
construction and Lemma 2.3 that points (a) and (b) are satisfied. We turn to be. 
Let g be as there. Let u: X ^ X be such that u x = S'ljj-xio} ^^'^^ similarly, 
for j € J let Uj-. X — > X be such that Uj x j = g\xx{j}' Finally, put / = 
g\-x„ ■ X" — > X". Since A preserves p, u £ Iso(X,p). So, we only need to check 
that Ml = . . . u„ = u and / = u®. Let nj : X" — )• X be the projection onto the 
j-th coordinate {j = 1, . . . , n). For any x = {xi, . . . ,Xn) G X" and j £ J we have, 
by (2-3): 

1 = A((7rj(a;),j),a;) = X{ginj{x), j), gix)) = X{{{uj o tTj){x), j), f{x)) 

and therefore, again by (2-3), Uj o ttj = ttj o f. Consequently, f{xi, . . . ,Xn) = 
{ui{xi), . . . ,Un{xn)). Finally, for any z G X we have, by (2-2): 

1 = A((^, 0), {z,..., z)) = X{g{z, 0),g{z, ...,z)) = X{{u{z), 0), {ui{z), w„(^))) 

and hence, again by (2-2), ^1(2;) = . . . = Un{z) = u{z). □ 

2.5. Lemma. Let G be a subgroup of Iso(X,p) and let z G X" and J C N \ 

{0} be such that card(J) = n > 1. Let D denote the closure (in X"J of the set 
{u®{z) : ueG}. There exists a metric n on F := [X x {J U {0})] U X" U {n - 1} 
which has the following properties: 

(a) fx preserves p and /i ^ 11, 

(b) G Iso(F, /i) for every u£ G, 

(c) for any g G Iso(F, /x) there is u G Iso(X,p) such that g = u\p and u®{z) G D. 

Proof. Without loss of generality, we may assume that J = {1, . . . , n}. Let A be as 
in Lemma 2.4 (so, A is a metric on F \ {n — 1}). Let cq, . . . , c„+i be such that 

(2-4) 5 < Co < ci . . . < c„+i < 6. 

Put A = [X X ( J U {0})] U D and denote by ^0 the metric on A U {n — 1} such that 
j2o coincides with A on A, HQ{{x,j), n — 1) = cj for a; G X and j = 0, . . . , n, and 
/u(y, n— 1) = Cn+i for y G D {fj,o is a metric thanks to point (a) of Lemma 2.4, (AX3) 
and (2-4)). Now apply Lemma 2.3 for the family {{Au{n-1}, /iq), {F\{n-1}, X)} 
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to obtain a metric /z which extends both /kq and A. We infer from (2-4) and point 
(a) of Lemma 2.4 that point (a) is satisfied. Further, since u®{D) = D for each 
u € G and thanks to point (b) of Lemma 2.4, condition (b) is fulfilled as well (see 
Lemma 2.3). We turn to (c). 

Let g G lso{F,ii). Since n — 1 is a unique point q G F such that n{q,x) = cq 
and fi(q,y) = ci for some x,y € F (since A ^ 5 < cq < ci). we conclude that 
g{n — 1) = n — 1. Further, observe that for each x e X", ii{x,n — 1) ^ c„+i, 
because of (AX3) and (2-4). Consequently, X x {j} = {x ^ F: ij.{x,n — 1) = Cj} 
for j = 0, 1, . . . ,n. Thus, we see that g{X x {)}) = X x {j} for such j's. Since 
9\F\{n-i} ^ Iso(F\ {n— 1}, A) and g{n--l) — n—1, point (c) of Lemma 2.4 implies 
that there is u e Iso{X,p) such that g = u\p. Finally, g{z) = u®{z) e X" and for 
y e X", fj,{y, n-l) = c„+i iS y € D (by (2-4) and (AX3)) which gives u®{z) e D 
and finishes the proof. □ 



Proof of Proposition 2.2. Let r ^ 1 be such that d < r. Put p = < 1 and notice 
that lso{X,p) = lso{X,d). Let Xq — {xn- n ^ 1} be a dense subset of X. Let 
Ji, J2, . . . be pairwise disjoint sets such that IJ^i "^n = and card( J„) = n+1. 

For eachn ^ 2 put z„ = (.ti,...,x„) <E X", F„ = [X x ( J„_i U {0})] U X" U {n- 1} 
and let £>„ be the closure (in X") of {u®(z„) : m G G}. Further, let ^„ be a metric 
on Fn obtained from Lemma 2.5 (applied for z„ and J„-i). Now apply Lemma 2.3 
for the collection {{Fn, jin) ■ n > 2} to get a metric Aq on X \ {0} which extends 
each of /u„ (n ^ 2). In particular, Aq preserves p and Aq < 22. Finally, we extend 
the metric Ao to a metric A on X in such a way that for fc ^ 0, A(.t, 0) = Cfe i for 
X £ X X {k}, X{x, 0) = Ck,2 for x S and A(A: + 1,0) = Ck,3 where the numbers 

(2-5) co,i, co,2, co,3, ci,i, ci,2, ci,3, ... are all different 

and belong to (22, 23) (A is a metric thanks to (AX3)). It follows from Lemma 2.3 
and point (b) of Lemma 2.5 that u G Iso(X, A) for any u G G. It is clear that 

the function G 3 u 1-^ u E Iso(X, A) is a group homomorphism and a topological 
embedding. We shall now show that it is also surjective. 

Let g e Iso(X, A). Since is a unique point q G X such that \{q, x) = co,i and 
^{Qj y) = Co, 2 for some x,y G X, we sec that g{0) — 0. Consequently, g{X x {k}) = 
X X {k}, g{X^+'^) = and g{k + I) ^ k + I for each A; ^ 0, by (2-5). So, 

taking into account that ^l^, G Iso(F„, /x), point (c) of Lemma 2.5 yields that there 
is u e Iso(X,p) such that g = u and u(z„) G Dn- The latter condition implies that 
there are elements ui, t(2, . . . of G which converge pointwise to u on Xq. We now 
infer from the density of Xq in X that u = Xivcin^oo 

u„ and in fact u G G, by the 

closcdness of G. 

To end the proof, it sufiices to put g = rX. □ 



Proof of Theorem 2.1. Let {H, •) be a Polish group. First we involve a standard 
argument, used e.g. by Melleray [18] in his proof of this theorem: take a left 
invariant metric do ^ 1 on _ff and denote by {X, d) the completion of {H, do). Then, 
of course, X is separable and for every h G H there is a unique uu G lso{X, d) such 
that Uh{x) = hx for x G H. Observe that the function H 3 UhG Iso(X, d) is 
a group homomorphism as well as a topological embedding. Therefore its image G 
is isomorphic to H. Since G is a Polish subgroup of a Polish group, G is closed in 
Iso(X, d). Now it suffices to apply Proposition 2.2 and to use (AX4) to deduce the 
completeness of the metric obtained by that result. □ 
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3. Closed subgroups of isometry groups 

In this section we generalize the ideas of the previous part to the context of all 
isometry groups. Our aim is to show that a closed subgroup of the isometry group 
of a metric space is isomorphic to the isometry group of another metric space. 
We have decided to discuss the separable case separately, because in that case the 
proofs are more transparent and easier. Actually all tools were prepared in the 
previous section, except the following one: 

3.1. Lemma. Let X be a set with card(X) ^ 2 and I C (0, oo) be a nondegenerate 
interval. There is a metric d: X x X ^ /U {0} such that the identity map of X is 
the unique member oflso{X,d). 

Wc shall prove Lemma 3.1 at the end of the section. Now we generalize the 
concepts involved in Section 3. Let /? be an infinite cardinal number and let Z)^ 
denote a fixed discrete topological space of cardinality /3. For a metrizable space X 
and a function f : X ^ X let Xp = [Ur=i(^" x Dp)] U Dp and let fp: Xp ^ Xp 
be given by: fp = f® x ^ on X" x {^} and ffj{£,) = £, for any n ^ 1 and ^ e Dp. 
(Notice that w{Xp) = P provided (3 ^ w{X).) For any J C N\ {0} and A,B C D/s, 
we say a metric g on [|JnG J^"'^" ^ ^)] L-l ^ C Xp preserves a compatible metric d 
on X iff the following two conditions are fulfilled: 
(PRl) g coincides with d® x ^ on X" x {^} for any n e J and ^ & A, 
(PR2) g{x, y) ^ 1 whenever x and y belong to distinct members of the collection 

{X"x{0: neJ,^eA}U{{ri}: iQ&B}. 
As before, we see that (AX4) is satisfied. 

A counterpart of Proposition 2.2 in the general case is the following 

3.2. Theorem. Let P be an infinite cardinal number and (X,d) be a nonempty 
bounded metric space such that w{X) < (3. For any closed subgroup G oflso{X,d) 
there exists a metric g on X^ such that g preserves d and the function 

(3-1) G 3 u^up & Iso(X^, g) 

is a well defined isomorphism of topological groups. 

Proof. It follows from the proof of Proposition 2.2 that we may assume d < 1. Let 
Z he & dense set in X such that card(Z) < j3. Fix arbitrary 6 G Dp and write 
Dp \ {6} in the form \X Lo where card(S'„) = /3 for any n and 

(3-2) S'„nS'™ = {n^m). 

The set 5o will be employed in the last part of the proof. For simplicity, put 
S* = Ur=i and X^ := Xp\SQ = [U„^i(^" x Dp)] U S^. It follows from (3-2) 
that for any ^ e Dp \ {0} there is a unique number n(^) e N such that ^ e 
Further, for every n ^ 1 there are a surjection k„ : S'„ and a bijection 

-J> Dp. Take a collection { : ^ € 5*} such that for any ^,r] G S^: 

(51) card(Jj) = n(C), 

(52) n = whenever ^ ^ t], 

(53) Uces. J<: = Dp\ {9}. 

We deduce from (SI) and Lemma 2.5 that for each ^ e 5** there exists a metric 
on := [X x (J| U {$})] U (X"(«) x {r„(|)(0}) U {^} which has the following 
properties: 

(Dl) /x^ preserves d and /xj ^ 11, 

(D2) up\p^ e lso{F^,^^) for every u G G, 

(D3) for any g G Iso(i^|,/X|) there is u € lso{X,d) such that g = up\p and 
w®(«n(0) belongs to the closure of {/® (k„(0) : / e G} in X". ^ 
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Observe that (S2)-(S3), (Dl) and the bijcctivity of r^'s imply that 
(3-3) F^nFr^^X X {9} 

for distinct ^,7? € 5*, and X x {6} is closed in (F^,^^) (cf. (PR2)). Moreover, it 
follows from (Dl) that we may apply Lemma 2.3 for the family {(Jj, /x^) : ^ S S*}. 
Let fi be the metric on U^es, ~ ^* obtained by that lemma. Then 

(3-4) U0\^^ eIso{X^,ij,) (ueG) 

(see (D2) and the last claim in Lemma 2.3) and 

(3-5) /i preserves d and < 22 

(by (Dl)). What is more, 

(★) if 5 e Iso(X*, /i) is such that g{A) = A for any A e S := {X" x {^} : n ^ 
1, ^ e Dp} U {{^} : ^ e 5*}, then gr = ^^j^ for some u £ G. 

Let us briefly show (★). If g is as there, then g{F^) = F^ for any ^ ^ 9. So, we infer 
from (D3) that g = {u^)p on F^ for some G Iso(X, d) with 

(3-6) {u^)®{Kn{0)eB^ 

where n = n(^). Wc conclude from (3-3) that u := is independent of the choice 
of ^ 9. Consequently, g = u/j\^ . To end the proof of (*), it remains to check that 
u G G. Since Kn's are surjective, (3-6) yields that {u{zi), . . . , u{zn)) belongs to the 
closure (in X") of {(/(zi), . . . , /(z„)) : / G G} for any n ^ 1 and zi, . . . , z„ G ^. 
But this, combined with the fact that the function Iso(X, d) 9 / i->- /[^ S X^ is an 
embedding (when X^ is equipped with the pointwise convergence topology), yields 
that u belongs to the closure of G in Iso(X, d). But G is a closed subgroup and we 
are done. 

By Lemma 3.1, there is a metric 

(3-7) A: X So -5^ {0}U [1,2] 

for which Iso(5o, Aq) = {idsj,} {idso the identity map on So). Let § be as in (★). 
Since card(§) = /3 = card(S'o), there is a one-to-one function v: S ^ {11,12}'^°. 
We define a metric p on X* U So = X^ \ {9} by the rules: 

• Q = n on X.^, X X^: , 

• £1 = A on S'o X ^0, 

• b{^jV) = q{VjO ^ b(^)]('7) for ^ e X* and r] G So, where A e § is such 
that ^ G A (such A is unique). 

That g is indeed a metric it follows from (3-7), (3-5), axiom (PR2) for /z and the fact 
that for any 77 G Sq, g{-, rf) is constant on each member of §. Finally, we extend the 
metric g to Xp by putting £)(^, 9) = 22 for ^ G X* and £)(^. 9) = 23 for ^ G So. Direct 
calculations show that g is indeed a metric on X/^ and that g preserves d. It remains 
to check that (3-1) is a well defined surjection (cf. the proof of Proposition 2.2). 
We infer from (3-4) and the fact that £'(-,?7) is constant on each member of S for 
any r] £ So D {9} that the function (3-1) is well defined. Now let g G Iso(X^, g). 
Since ^ is a unique point co G X^ such that card({^ e X^ : q{^,uj) = 23}) > 1, we 
obtain g{9) = 9. Consequently, g{Xt,) = X^ and g{So) = So- The latter yields that 

(3-8) fflso=^dso 

(because g extends A). Now if ^, r/ G X^ are arbitrary, the injcctivity of v and the 
definition of g imply that g{£,, •) = g{r], •) on Sq iff ^ and rj belong to a common 
member of S. But this, combined with (3-8), allows us to conclude that g{A) = A 
for any A G S. Now an application of (★) (recall that g extends /x) provides us the 
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existence of m G G for which g = Ufs on X*. Since g{£,) = ^ for ^ ^ X*, we see that 
g = up, which finishes the proof. □ 

3.3. Remark. Under the notation and the assumptions of Theorem 3.2, if M ^ 1 is 

such that d ^ M and e > is arbitrary, the metric g appearing in the assertion of 
that theorem may be chosen so that g ^ M + s. Indeed, the above proof provides 
the existence of a bounded metric g, say g ^ C where M < C < oo. Now it suffices 
to replace g hy oj o where oj : [0, C] — > [0, M + e] is afRne on [0, M] and [M, C], 
and w(0) 0, w(M) = M and cj(C) = Af + e. 

To complete the proof of Theorem 3.2, we need to show Lemma 3.1. But that 
result immediately follows from the following much stronger 

3.4. Proposition. Let a and b be two reals such that 
(3-9) < a < 6 < 2a. 

For every set X having more than 5 points there is a metric d: X x X — >• {0,a, 6} 
such that 

(3-10) lso{X,d) = {\dx]. 

Proof. First of all, observe that any function d: X X ^ {O.a, 6} which is sym- 
metric and vanishes precisely on the diagonal of X is automatically a complete 
metric, which follows from (3-9). So, we only need to take care of (3-10). For the 
same reason, we may (and do) assume, with no loss of generality, that a ~ 1 and 
b = 2. We shall make use of transfinite induction with respect to /3 = card(X) > 5. 
Everywhere below in this proof, for x e X, by S{x) we denote the set of all j/ e X 
with d{x,y) = 1. Since we have to define a metric taking values in {0,1,2}, it is 
readily seen that it sufhces to describe the sets S{x) {x £ X). 

First assume ^ = n > 6 is finite. We may assume that X = {1, . . . , n}. Our 
metric d is defined by the following rules: S{1) {2}, 5(2) = {1,3,4,5}, 5(3) = 
{2,4}, 5(4) = {2,3,5}, 5(5) = {2,4,6}, 5(n) = {n - 1} and 5(j) = {j + 1} 
if 5 < J < n. Take g G lso{X, d) and observe that: 

• g{2) ~ 2, since 2 is the only point j G X such that card(5(j)) = 4; 

• g{l) = 1, because 1 is the unique point j E X for which S{j) = {2}; 

• g{3) — 3, since 3 is the only point j G X such that card(5(7)) = 2 and 
2 G SU); 

• g{4) = 4, because 4 is the unique point j G X for which 2 j G 5(3); 

• g{5) = 5, since 5 is the only point j G X such that j e 5(4) \ {2, 3}. 

Now it is easy to check, using induction, that g{j) = j ior j = 6, . . . , n. 

When (3 = Hq, we may assume X = N. Define a metric d: N x N {0, 1, 2} 
by d{n,m) = min(|rn — n|,2). It is left to the reader that Iso(N,d) = {id^} (use 
induction to show that g{n) = n for any n e N and g G Iso(N, rf)). Below we 
assume that /3 > Ho is such that for every infinite a < /3 the proposition holds for 
an arbitrary set X of cardinality a. For simplicity, for any uncountable cardinal 
7 we denote by the set of all cardinals a for which < a < 7. To get the 
assertion, we consider three cases. 

First assume /3 is not limit, i.e. (3 is the immediate successor of an infinite 
cardinal a. We may assume that X is the union of three pairwise disjoint sets 
X', X' X Y and {a} where card(X') = a and card(y) = /3. It follows from the 
transfinite induction hypothesis that there is a metric d' : X' x X' — )■ {0,1,2} such 
that Iso(X', d') = {idx'}. Since ^ < 2", there is a one-to-one function fi: X'xY ^ 
{1,2}^' such that 

(3-11) [fi{x,y)]ix) = l {xGX',yGY) 
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(such a function /x may easily be constructed by transfinite induction with respect 
to an initial well order on X' xY). We now define a metric d on X (with values in 

{0, 1,2}) by the rules: 

(dl) d = d' on X' X X' , 

(d2) d{{x,y), {x',y')) = 1 if {x,y) and {x',y') are distinct elements of X' x Y, 

(d3) d((x, y), x') = [iJ,(x, y)]{x') if x, x' G X' and y dY , and 

(d4) d{x, a) = 1 and d{{x, y),a) = 2 for any x G X' and y G Y. 

Observe that S{x) D {x} x Y and S{x, y) D {X' xY)\ {(x, y)} for any x G X' and 
y e y (thanks to (3-11) and (d2)-(d3)); and 

(3-12) S{a) = X' 

(by (d4)). We infer from these facts that a is a unique point x £ X such that 
card(5(.x)) = a. Consequently, if g G lso{X.d), then g{a) = a and g{X') = X' 
(because of (3-12)). So, g\^, G lso{X' ^d' ) and therefore g[x) — x for any x G X' . 
Finally, if x, x' G X' and y & Y are arbitrary, then g{x, y) ^ X' and d{g{x, y),x') = 
d{{x,y),x'), which yields that ii{g{x,y)) = fi{x,y). So, g{x,y) = {x,y) (since fi is 
one-to-one) and we are done. 

Now we assume that /? is limit and card(//3) < fi. For simplicity, put 1 = 1^. 
Let {Xctjct^i be a family of pairwise disjoint sets such that 

(3-13) XaDl ^ and card(Xa) = a < (3 (a G I). 

Note that the set X^, — |J,-^gj is of cardinality /3 and therefore we may assume 
X — {uj}UlUX^, (recall that this notation means that w ^ /UX,). It follows from 
the transfinite induction hypothesis that there are metrics dj : I x I {0,1,2} and 
da'. Xa X Xa ^ {0, 1.2} (o! G /) for which the groups Iso(J, d/) and lso{Xa,da) 
are trivial. We define a metric d on X as follows: 

(dl') d = di on I X I and d = da on X^ x X^ for any a G /, 

(d2') d{x, y) = \ \i X and y belong to different members of the collection {Xa]aeii 
(d3') d{a, x) = 2 iov X G X^ and d{a, x) = 1 for a; G X* \ X^ (a G /), 
(d4') d{a, co) = 1 and d{x, co) =2 for any a G I and x G X^,. 

Observe that for any a G I and x G Xa, S{a) D X, \ Xa (cf. (d3')) and S{x) D 
X^ \ Xa as well (cf. (d2')). At the same time, S{uj) = I (by (d4')) and hence w 
is a unique point x G X such that card(5'(a;)) < /3 (cf. (3-13)). Consequently, if 
g G lso{X,d), then g{Ljj) = oj, g{I) = I and g{X^) = X*. Then g\^ G Iso(/, d/) 
(cf. (dl')) and hence g{a) = a for each a G I. Now use (d3') to conclude that 
g{Xa) = Xa for any a G I. So, according to (dl'), g\^ G lso{Xa,da) for every 
a G I and consequently g{x) = x for all x G Uag/ = X^, and we are done. 

Finally, assume 13 is limit and card(7^) = /3. Then we may assume X = I^. 
Since 

(3-14) card(/a) s$ a < /3 

whenever a G X, for every a G X there is a cardinal 7(a) G X such that 
(3-15) card({C: a < $ 7(a)}) = a. 

Now define a metric d : XxX ^ {0, 1, 2} by the following rule: if Hq ^ ai < 02 < /3, 
then d{ai, 02) = 1 iff 0:2 ^ 7(0^1)- It is easy to check that then ca,y:d{S{a)) = a for 
any a G X (thanks to (3-14) and (3-15)) and hence the identity map is a unique 
isometry on (X, d). □ 

4. Models for ^5-complete groups 
We begin this section with a useful characterization of ^^-complete groups. 
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4.1. Proposition. For a topological group G all conditions stated below are equiv- 
alent. 

(I) G is Qs-com,plete. 

(II) G is isomorphic to a Qg-closed subgroup of a complete topological group. 

(III) G is Qs-closed in every topological group which contains G as a topological 
subgroup. 

(IV) Every net {xo-jo-es of elements of G satisfying the following condition (CC) 
is convergent in G. 

(CC) For every sequence Ui,U2, ■ ■ ■ of neighbourhoods of the neutral element 
of G there exist points y,z G G and a sequence cti, c72, • • • S E such that 
both x~^y and XaZ~^ belong to Un whenever n > 1 and a ^ an- 
(V) Every net {xcrjcres of elements ofG satisfying the following condition (CC) 
is convergent in G. 

(CC) For every continuous left-invariant pseudometric d onG there are points 
y,z G G such that lim^gs d{xa, y) = linio-gE d{x~^ , z~^) = 0. 

Proof. Everywhere below t is the topology of G and e is its neutral clement. 

First assume G is a ^^-closed subgroup of a complete group H. We want to show 
that G is ^5-complete. Let {xa}aeT: C G be a net which satisfies condition (C) 
with respect to the topology ts . It then satisfies this condition with respect to r as 
well. Since H is complete, there is y £ H such that lim^^gs Xa = y. It suffices to 
check that y belongs to the ^^-closure of G in iJ. Take a ^5-subset of H containing 
y and write Ay~^ in the form Ay~^ = HJ^i Un where each C/„ is an open in H and 
contains e. Let Vi, 1^, . . . be a sequence of open (in H) neighbourhoods of e such 
that the closure (in H) of Vn is contained in V^_i fl Un for each n. where Vq = H. 
Then F := Hj^i Hi is a closed CJ^-subset of H and e E F C Ay~^ . It follows from 
our assumption about the net that there is cto G S such that x„fjX~^ € F for any 
(J ^ (jQ. We now infer from the closedness of F in if that aJo-j,?/"^ e F as well and 
consequently x^^ G A, which shows that y belongs to the CJ^-closure of G. This 
proves that (II) is followed by (I). Conversely, if G is a ^^-complete subgroup of 
a topological group K and O denotes the topology of K, then ts coincides with 
the topology (on G) of a subspacc inherited from {K^Os). It now follows from 
the completeness of {G,ts) that G is closed in {K,Os) or, equivalently, that G 
is ^5-closed in K, which proves that (III) is implied by (I). Since (II) obviously 
follows from (III), in this way we have shown that conditions (I), (II) and (III) are 
equivalent. We shall now show that (II) is equivalent to (IV) and then that (IV) is 
equivalent to (V). 

If (II) is fulfilled, then G is Qs-c\oscd in G. Let {xa-}aeT, be a net of elements of 
G which satisfies condition (CC). Then it fulfills condition (C) as well and hence 
there is m; e G such that lim^jgsa;^- = w. It suffices to check that w e G or, 
equivalently, that w belongs to the ^5-closure of G. To this end, take any Qs- 
subset A of G which contains w. Write Aw~^ = fXi=i Vn where Vi, V2, . . . are open 
neighbourhoods of e. For each n ^ 1 take a neighbourhood f7„ of e with f7„ = ?7~^ 
and Un-Un C Vn- Now let y, z and cti, (T2, • • • be as in (CC), applied for the sequence 
t/i n G, t/2 n G, . . . Fix for a moment n ^ 1. Choose a ^ cr„ such that XaW^^ G C/„. 
Then zw-^ = {x^z-^)-^{x^w-^) C [/"i • C/„ C So, zw-^ e n~=i K = Aw-^ , 
which implies that w E A. Consequently, Ar\G ^ Qi and we arc done. 

The converse implication goes similarly: when (IV) is satisfied, we show that G is 
05-closed in G. Let w e G belong to the ^^-closure of G. Then, of course, w is in the 
closure of G and thus there is a net {.TctIctgs C G which converges to w. To prove 
that ti; G G, it is enough to verify that (CC) is fulfilled. To this end, fix a sequence 
Ui,U2,... of neighbourhoods of e and choose its open symmetric neighbourhoods 
Vi,V2,... such that Vn ■ Vn C Un {n ^ 1). We conclude from the fact that w 
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is in the t/^-closure of G that there is y G G such that y e C(^=i{^nW D wVn)- 
Fix n ^ 1. There is cr„ € S such that both xvu;^^ and u>~^a;o- belong to Vn for 
cr > (T„. Then, for such cr's, Xay~^ = {xaW^^){yw^^)^^ C 14 • C ?7„ and 
x~^y = {w~^Xa)~^{w~^y) C y„"^ • C [/„ as weh. This shows that (CC) is 
satisfied for z = y, and we are done. 

Point (V) is easily implied by (IV) (for a fixed continuous left- invariant pseudo- 
metric d and a net satisfying (CC) apply (CC) for C/„ = {x € G: d{x, e) < 2~"}). 
The converse implication follows from the well-known fact that for an arbitrary se- 
quence Ui,U2: ■ ■ ■ of neighbourhoods of e there exists a left-invariant pseudometric 
d on G such that {x e G: d{x,e) < 2~"} C [/„ for every n ^ 1 (see e.g. the 
proof of the Kakutani-Birkhofi^ theorem on the metrizability of topological groups 
presented in [6, Theorem 6.3]). □ 

4.2. Remark. The proof of Proposition 4.1 shows that points (IV) and (V) of that 
result may be weakened by assuming that every net satisfying condition (CC) or 
(CC) with 2; = y is convergent. However, to prove Theorem 1.4 we need (IV) in 
its present form. 

Now we can give many examples of CJ^-compIete groups. We inform that by the 
Cartesian product of a family {Gsjsgs of topological groups we mean the 'full' 
Cartesian product Hses of them and by the direct product of this family we 
mean the topological subgroup 0^^^ °^ TlseS ^« consisting of all its finitely 

supported elements. 

4.3. Proposition. Each of the following topological groups is Qs-complete. 

(a) A Qs-closed subgroup of a Qs-complete group. A complete group. 

(b) The Cartesian as well as the direct product of arbitrary collection of Qs-complete 
groups. 

(c) A topological group which is the countable union of its subgroups each of which 

is Qs-complete. 

(d) A topological group which is a-compact as a topological space. In particular, all 
countable topological groups are Qs-complete. 

(e) A topological group in which singletons are Qs . In particular, metrizable groups 
are Qs-complete. 

(f) G = lso{X,d) for an arbitrary metric space {X,d). Moreover, w(G) ^ w{X), 
and G is complete provided {X, d) is complete. 

Proof. In each point wc involve Proposition 4.1. 

To prove point (a), use the equivalence between conditions (I) and (III) in Propo- 
sition 4.1. We turn to (b). Let {Gs}ses be a nonempty collection of ^5-complete 
groups and let G = Hses ~ (a^^ ^)ses € G (a e E) be a net satisfying 

condition (CC). It remains to check that for any t € S, the net {x^^}^^^: C Gt satis- 
fies condition (CC) as well (because then it will be convergent), which is immediate: 
if Vi, V2, . . . is a sequence of neighbourhoods of the neutral element of Gt, apply 
(CC) for the sequence C/i,t/2,... with Uj := {{x(''>),es e G: x^*) G Vj} {j ^ 1) 
to obtain two points y,z € G and then use their i-coordinates. Now to prove that 
also H := 0gg5 Gg is ^^-complete, it suffices to check that it is ^^-closed in G (by 
(a)). But if y = {ys)ses E G \ H, there is a countable (infinite) set S' C S such 
that ys ^ Cg for any s £ S' , where is the neutral element of Gg. Then the set 
A := {(2;s)sg5 e G| Vs G S' : Zg ^ Cg} is a ^5-subset of G which contains y and 
is disjoint from H, which finishes the proof of (b). 

Since the proofs of points (c) and (d) are similar, we shall show only (c). Let 
G = U^i where G„ is ^5-complete for any n. Let y G G\G. Then y ^ Gn and 
G„ is ^5-closed in G. Consequently, there are ^^-subsets Ai,A2,... of G containing 
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y such that A„ n G„ = 0. Then A := is also a t/^-subset of G containing 

y, and Af\G = 0. This shows that y is not in the ^^-closure of G and we are done. 

Further, if all singletons are in G, then ts is discrete and hence G is Qs- 
complete. This proves (e). 

Finally, we turn to (f). The second and the third claims of (f) are well-known, 
but for the sake of completeness we shall prove them too. Let {X, d) be a metric 
space and G = lso{X, d). Let {wo-jo-es C G be a net satisfying condition (CC). Fix 
X & X and put q: G x G 3 {u,v) ^ d{u{x), v{x)) G [0, oo). Observe that p is a left- 
invariant continuous pseudometric on G. It follows from (CC) that there are f,g G 
G such that limo-gi; d{ucrix), f{x)) — limo-es d{u^^(x\ g{x)) = 0. We conclude that 
both the nets {u„{x)}c£i: and {■u^^(a;)}(jgs converge in X. So, wc may define 
u,v: X ^ X hy u{x) ~ \iT[ia-(=^Ua-{x) and v{x) = limo-es '""-'^(x) {x € X). It is 
readily seen that both u and v are isometric. What is more, a standard argument 
proves that uov = vou — idx and hence u G G and limo-es = u. So, G is Qs- 
complctc. Furthermore, if D is a dense subset X such that card(Z?) = w{X), then 
the function G 3 g ^ g\jj G is a topological embedding (when X^ is equipped 
with the pointwise convergence topology) and therefore w{G) ^ w{X^) ^ w{X). 
Finally, if (X, d) is in addition complete and {ucy}creT. C G is a net satisfying (C), 
similar argument to that above shows that then for any x G X the nets {ua{x)}ae's, 
and {u~^{x)}aeT, are fundamental in {X,d) and hence converge. It now follows 
from the previous part of the proof that {uo-lo-es is convergent in G, which finishes 
the proof. □ 

4.4. Example. As we announced in the introductory part, not every topological 
group is absolutely tj^-closed. Let us briefly justify our claim. Let S be an un- 
countable set and for each s G 5 let Gg be a nontrivial complete group with the 
neutral element eg. Then G := JIsgs ^« ^ complete group as well and 

Go = {{xs)ses ^G: card({sGS': 7^ ej) ^ Ho} 

is a proper subgroup of G which is S^-dense in G (and thus Go is not C/5-closed in 
G). Indeed, if y = {ys)s£S G G and ^ is a ^^-subset of G containing y, then there 
is a countable set So C S such that {(.Ts)sg5 e G| £ So- Xs = ys} C A; then 
z & Gor\A where Zg = ys for s & So and Zs = otherwise. 

Due to a private communication of the author, the same example was found 
independently by Vladimir Uspenskij. 

We are almost ready for proving Theorem 1.4. For the purpose of its proof and 
the next result, let us introduce auxiliary notations and terminology. Whenever d 
and d' are two bounded pseudometrics on a common nonempty set X, we put 

llc^- c^'lloo := sup \d{x,y) - d'{x,y)\. 

x,yeX 

Further, the relation R := {{x,y) E X x X : d{x,y) = 0} is an equivalence on 
X. Let tt: X — X/R be the canonical projection. The function D: [X/R) x 
(X/R) 3 (77(0;), 7r(y)) H^- d{x,y) G [0,oo) is a well defined metric on X/R. We 
call a triple (Y, g: ^) a metric space associated with (X, d) if (Y, g) is a metric space 
isometric to {X/ R, D) and ^ is a function of X onto Y such that there is an isometry 
g: {X/R,D)^ (F, £i) for which ^ = ^ott. Observe that then Q{^{x),^{y)) = d{x,y) 
for any x, y G X . 

With use of the following result we shall take care of condition w{X) = w{G) in 
point (A) of Theorem 1.4. 

4.5. Lemma. Let G be a topological group and {gs}ses be a collection of bounded 
continuous left-invariant metrics on G. For each s G S, let {Xs,ds;ns) be a metric 
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space associated with {G, Qs) chosen so that the sets Xs 's are pairwise disjoint. 
There exists a metric d on X := {J^^g Xg with the following properties: 

(Dl) i {/ds{x,y) ^ d{x, y) ^ {/ds{x,y) for any x,y e X^ and s€ S, 

(D2) d{TTs{a),TTt{a)) ^ \/||f?s ^ Qt\\ oo for any a € G and s,t € S, 

(D3) each of the sets X^ (s G S) is closed in (X,d), 

(D4) d{-Ks{ag),'Kt{ah)) = d{-Ks{g),'Kt{h)) for any a,g,h G G and s,t G S. 

Proof. To simplify arguments, for each x G X denote by k{x) the unique index 
s G S such that x € Xg. Define a function v. X x X [0, oo) as follows: 

v{x,y) = - e«(j/)||cx:> + inf{d^(a;)(a;,7r«;(^)(sf)) + d^(j,)(7r^(j,)(5(),y): g e G}. 

Observe that: 

• v{x, x) = and v{y, x) = v{x, y) for any x,y G X, 

• v{x, y) = ds(x, y) for any x,y G Xs and s G S, 

• v{'Ka{g),'iTt{g)) = Wbs - BtWoo whenever s,t G S and g G G, 

• v{iTs{g),Trt{h)) ^ ll^s - etWoc for ah s,t G S and g,hG G, 

• v{'Ks{ag),'Kt{ah)) = v{'Ks{g),'Kt{h)) for any a,g,h G G and s,t G S. 
Let us now show that for any xo,Xi,X2,X3 G X and each e > 0: 

(4-1) max v{xj-i,Xj) < s v{xo,xs) < 8e. 

j=l,2,3 

Assume v{xj-i,Xj) < s {j = 1,2,3). This means that there are 01,02,03 G G for 
which 

(4-2) \\gK{xj-l) - QK{xj)\\oO + dK{xj.^){Xj-l,TTK{xj-l){aj)) 

+ dK(xj){'^K(xj){aj),Xj) < e. 
In particular, \\QK{xj-i) - Bii{x.,)\\oo < e for j = 1, 2, 3 and thus 
(4-3) ||£'k(2;q) - £'k(2;3)IIoo < 3e. 

For simplicity, for j G {0, 1, 2, 3} put Sj = n{xj) and take hj G G such that tt^^ {hj) = 
Xj. Recall that dsiiTsig), 7rs(/i)) = gs{g, h) for any s G S and g,h G G. We therefore 
have 

gs^{bj-i,bj) < gs^{bj-i,aj) + Qsj{aj,bj) ^ 

< - Qsj lloo + Qsj-r {bj-i,aj) + {aj,bj) < e 

(by (4-2)) and consequently 

£•52(^0,^2) ^ ^82(^0,^1) -I- £'S2(^1!^2) < ||£'S2 Qsi l|oo ~l~ Qsi 

Similarly, 

(4-4) Bs.,ibo,b3) ^ gsAbo,b2) + £'53(^2,63) < 

=^ II Qs3 - Qs2 lloo + Qs2 {bo, b2) + Qss {h, bs) < 5e. 
Finally, by (4-3) and (4-4) wc obtain: 

v{xq,X3) ^ WQso - BssWaa + dso{TTso{bo),TTs,^{bo)) + ds3{TTssibo),TTs3{b3)) < 

< 3e + Vss{bo,b3) < 8e 

and the proof of (4-1) is complete. Now let f: X x X — >■ [0,oo) be given by 
f{x, y) = y/v{x,y). Below we collect all properties established for v and translated 
to the case of the function /: 

(Fl) f{x,x) = and f{x,y) = f{y,x) > for any distinct points x and y of X, 
(F2) if e > and {f{x,y),f{y,z),f{z,w)} C [0, e] for some x,y,z,w G X, then 
f{x,w) < 2s (thanks to (4-1)), 
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(F3) = ^/djx~ij) and f(TTs{g),Trt{gy) = ^/WQs - Qt\\oo whenever x,y € X^, 

g G G and s, t G 5. 
(F4) f{TTs{g).iTiXh)) > ^Wqs - £»t|U for all g,heG and s,t€ S, 
(F5) f{TTs(ag),TTt{ah)) = f{Trs{g),'!rt{h)) for any a,g,h€G and s,t€ S. 

Finally, we define d: X x X ^ [0, oo) as follows: 

n 

d{x,y) =mi{^f{zj-i,Zj): n > 1, 2;o, . . . , 2;„ e X, = a;, 2;„=y}. 

Lemma 6.2 of [6] asserts that for any function / :XxX— >[0,oo) satisfying con- 
ditions (F1)-(F2) the function d defined above is a metric on X such that 

(4-5) ^/(a;,y) s; rf(a;,y) < {x,y e X). 

It follows from (F5) and the formula of d that (D4) is fulfilled, while (Dl) and (D2) 
may easily be deduced from (F3) and (4-5). Finally, (D3) is a consequence of (F4) 
and (4-5), and we are done. □ 

Proof of Theorem 1.4. Implications '(Al) =^ (A2)' and -(Bl) =^ (B2)' follow 
from Proposition 4.3. It remains to show the converse implications. 

First assume that G is complete (in this case the proof is much shorter). By 
a well-known result (see e.g. [28, Theorem 2.1]), there is a bounded metric space 
{Y, g) such that w{G) = w^V) and G is isomorphic to a subgroup H of Iso(y, g). 
Since Iso(F, g) is naturally isomorphic to a subgroup of Iso(y, g), where {Y, g) is 
the completion of (F, g) , we may assume that (F, g) is a complete metric space. 
Since G is complete, H is a closed subgroup of {Y,g). Now Theorem 3.2 implies 
that H is isomorphic to Iso(X, d) where X = Yp with (3 = w{Y), and d is a metric 
which preserves g. Notice that d is complete (by (AX4)), w{X) = w{G) (because 
/3 = w{Y) = w{G)) and G is isomorphic to Iso(X, d) (being isomorphic to H). This 
proves the remainder of point (B). 

We now turn to (A). Assume G is tj^-complete. Thanks to Theorem 3.2, it suffices 
to show that G is isomorphic to a closed subgroup of Iso(X, d) for a metric space 
{X, d) of topological weight equal to w{G) (see the previous part of the proof). We 
shall do this employing Lemma 4.5 and improving a classical argument, presented 
e.g. in 1st proof of [28, Theorem 2.1]. 

Let ^ be a base of open neighbourhoods of the neutral element e of G such 
that card(^) < w{G). Let S be the set of all finite and all infinite sequences of 
members of For any U G ^ there exists a continuous left-invariant metric Xjj 
on G bounded by 1 such that 

(4-6) {xeG: Xu{x,e) < 1} C i7. 

We leave it as a simple exercise that the family {\u}uess determines the topology 
of G. Now for any s = {Uj)jLi € S (where N is finite or N = oo) let 

^ 1 

(4-7) e-=E^^^r 

Notice that gs is a continuous left-invariant metric on G bounded by 1. What is 
more, 

(T) the family {^?s}seS determines the topology of G 

(since gg = Xu for s = {U,U, . . .) G S). Let (Xs,ds;7rs) (s e S) as well as {X,d) 
be as in Lemma 4.5. For each s G S let gg'. G x G ^ [0, oo) be given by gs{g, h) = 



16 



P. NIEMIEC 



d{ns{g),ns{h)). It is clear that Qs is a pseudometric on G. What is more, it is 
left-invariant (thanks to (D4)) and 

(4-8) ^^s^Qs^Ws i^^S) 

(by (Dl)). Consequently, each of the metrics ^g's is continuous and 

(T') the family {^sjses determines the topology of G 
(sec (T)). Wc infer from the continuity of Qs that TTg, as a function of G into {X, d), 
is continuous as well. We claim that 'w{X) ^ w(G). To see this, let Sf consists of 
all finite sequences of members of and let -D be a dense subset of G such that 
card(i?) ^ w{G). Observe that Z := UseS/ ^s{D) has cardinality not exceeding 
w{G). We will now show that Z is dense in X. First of all, note that ns{D) is dense 
in Xs, since tTs is continuous. In particular, the closure of Z contains all points of 
\J,^g^ Xs. Fix s ^ Sf and a G G. Then s is of the form s = (f/j)~=i e S. Put 
s„ := {Uj)^^j^ e Sf and observe that, by (D2) and (4-7), 

d{TTs„{a),TTs{a)) < ^/\\gs„ - QsWoo (n-J>oo). 

So, since 7rs(G) = Xs, the above argument shows that Z is indeed dense; in X. 

It remains to check that G is isomorphic to a closed subgroup of lso{X, d). For 
g & G let Ugi X ^ X he such that Ug{Trs{x)) = TTs{gx) for any s G S and x £ G. 
Then G 9 g i-)- e Iso(X, d) is a well defined (by (D4)) group homomorphism 
as well as a topological embedding (thanks to (T')). So, it follows from point (f) 
of Proposition 4.3 that w{X) ^ w{G) and hence in fact w{X) = w{G). We shall 
check that $(G) is closed, which will finish the proof. Assume {xo-}creE is a net in 
G such that the net {ux^}aes converges in lso{X,d) to some u G lso{X,d). It is 
enough to prove that the net {.To-jcres is convergent in G. Since G is tj^-complete, 
actually it suffices to verify condition (CC) (see Proposition 4.1). To this end, let 
Vi, V2, ■ • • be a sequence of neighbourhoods of e. For any n ^ 1 choose Un S. ^ for 
which UnCVn- Now for s := (f/,)^i e S we have 

limd{Trs{x a), u{iTs{e))) = lim d(ux,(7rs(e)),u(7rs(e))) = 0, 
limd{ns{x-^),u-\'Ksie))) = lim d(u-J (77^(6)), u"^ (77^(6))) = 0. 

We infer from (D3) and the above convergences that there are y,z G G such that 

\im^e^d{'!rs{x^),Trs{y)) = lim^^z^ d{Trs{x-'^),Trs{z-'^)) = 0. But d{'Ks{a),irs{b)) = 
gs(a, 6) for any a,b G G and thus, thanks to (4-8), 

lim gs{x^, y) = lim gs{x^^,z^^) = 0. 

For each n ^ 1 let ct„ e S be such that both the numbers Qs{xa,y) = Qs{x~^y,e) 
and gs{x^^ , z^^) = gg{xcrZ~^, e) are less than 2~" for any a ^ o-„. We deduce from 
the formula of s, (4-7) and (4-6) that {x~^y,x„z~^} C Un{C Vn) for all a ^ an 
and we are done. □ 

The above proof provides the existence of a metric space (namely, X^) whose 
isometry group is isomorphic to a given ^^-complete group G. This metric space 
is highly disconnected (since it contains a clopcn discrete set whose cardinality is 
equal to the topological weight of the whole space) . In the next section we shall 
improve Theorem 1.4 by showing that G is isomorphic to the isometry group of a 
contractible open set in a normed vector space of the same topological weight as G. 

4.6. Corollary. (A) Let G he a topological group and be a,n infinite cardinal 
number. There exists a [complete] metric space {X,d) such that w{X) = j3 
and lso{X,d) is isomorphic to G iff G is Qs-complete [resp. complete] and 
P>w{G). 
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(B) A topological group is isomorphic to the isometry group of some separable met- 
ric space iff it is second countable. 

Proof. Both points (A) and (B) follow from Theorems 1.4 and 3.2, (AX4) and, 
respectively, points (f) and (e) of Proposition 4.3. □ 

We call a metrizable space X zero- dimensional iff X has a base consisting of 
clopen (that is, simultaneously open and closed) sets; and X is strongly zero- 
dimensional if the covering dimension of X equals 0. 

4.7. Corollary. Let G be an infinite metrizable topological group. 

(A) // G is discrete, there is a complete compatible (possibly non-left-invariant) 
metric d on G such that G is isomorphic to lso{G,d). 

(B) IfG is countable and non-discrete, there is a compatible metric d on F := QUZ 
such that G is isomorphic to Iso(F, d) . 

(C) If G is totally disconnected (zero-dirn,ensional: strongly zero- dimensional), there 
is a metric space {X,d) such that X is totally disconnected (resp. zero-di- 
mensional; strongly zero-dimensional) as well, w{X) = w{G) and Iso(X, d) is 
isomorphic to G. 

Proof. Let d be a bounded left-invariant compatible metric on G (if G is discrete, we 
may additionally assume that d is complete) . It is an easy (and well-known) exercise 
that all left translations on G form a closed subgroup of Iso(G, d). Consequently, by 
Theorem 3.2, G is isomorphic to Iso(G;3, g) where 13 = w{G) and g is some metric 
preserving d. Note that if G is discrete, Gp is homeomorphic to G, which proves 
(A). Further, if G is countable and non-discrete, it is homeomorphic to the space 
of all rationals (e.g. by Sierpinski's theorem [23] that every countable metrizable 
topological space without isolated points is homeomorphic to Q; cf. point (d) of 
Exercise 6. 2. A on page 370 in [12]) and hence Ghq is homeomorphic to F, from 
which we deduce (B). Finally, (C) simply follows from the following remarks: if 
G is totally disconnected (rcsp. zcro-dimensional; strongly zero-dimensional), so is 
Gf} (cf. Theorems 1.3.6, 4.1.25 and 4.1.3 in [11]). □ 

4.8. Example. Let {X,d) be an arbitrary metric space and G be a subgroup of 
lso{X,d). It follows from Theorem 1.4 and Proposition 4.1 that G is isomorphic 
to the isometry group of some metric space iff G is ^^-closed in lso{X,d). Let us 
briefly show that the CJa-closurc of G coincides with the set of all u € Iso(X, d) 
such that for any separable subspace A of X there is v € G which agrees with u 
on A. Indeed, there is a countable set D c ^ which is dense in A. Then the set 
F{u,A) := {v G lso{X,d): = u\^} coincides with {v <E Iso(X, d) : = mI^^}- 
This implies that F{u,A) is Gs in Iso(X, d). Consequently, if u belongs to the Qs- 
closure of G, then necessarily G fl F{u,A) ^ 0. Conversely, it may be easily 
shown that for every Qs-sct P containing u there is a countable set A such that 
F{u,A) C P and hence the condition on u under the question is also sufficient. 

According to the above remark. Theorem 3.2 may now be generalized as follows: 
a subgroup G of Iso(X, d) is isomorphic to the isometry group of some metric 
space (of the same topological weight as X) iff G satisfies the following condition. 
Whenever u G lso{X, d) is such that for any separable subspace A of X there exists 
V G G which agrees with u on A, then u G G. 

We end the section with the concept of t^a-complctions. Similarly as in case of 
Rajkov completion, any topological group G has a unique ^^-completion, i.e. G 
may be embedded in a ^^-complete group as a ^^-dense subgroup in a unique way, 
as shown by 
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4.9. Proposition. Let G and K he Qs-complete groups and H be a Qs-dense sub- 
group ofG. 

(a) Every continuous homomorphism of H into K extends uniquely to a continuous 
homomorphism of G into K. 

(b) If f: H ^ K is a group homomorphism as well as a topological embedding and 
G denotes the Qs-closure of f{H) in K, then there is a unique (topological) 
isomorphism F: G G which extends f . 

Proof. Let f : H ^ if be a eontinuous homomorphism. Since H is dense in G, 
there is a unique continuous group homomorphism F : G ^ K which extends /. It 
suffices to show that F{G) C K. But this follows from the fact that the preimage 
of a C?(5-closed set under a continuous function is C^^-closed too. This proves (a). If 
in addition / is a topological embedding, it follows from the above argument that 
there is a continuous group homomorphism F: G ^ G which extends f~^. We 
then readily see that both F o F and F o F are the identity maps and hence F is 
an isomorphism (and F = F~^), which shows (b). □ 

4.10. Definition. Let G be a topological group. The Q^-completion of G is a Qs- 
complete group which contains G as a ^^-dense (topological) subgroup. It follows 

from Proposition 4.9 that the fj^-completion is unique up to isomorphism fixing the 
points of G. It is also obvious that any group has the ^^-completion. 

5. HiLBERT SPACES AS UNDERLYING TOPOLOGICAL SPACES 

Our first aim of this section is to prove Theorem 1.2 and point (b) of Proposi- 
tion 1.5. To this end, we recall a classical construction due to Arens and Eells [4] 
(see also [29, Chapter 2]). 

5.1. Definition. Let {X, d) be a nonempty complete metric space. For every p e X 

let Xp! X ^ {0, 1} be such that Xp(a;) = 1 if x = p and Xpi^) = otherwise. A 
molecule of X is any function m: X ^ R which is supported on a finite set and 
satisfies J2pex ^{p) = 0- Denote by AEo(X) the real vector space of all molecules 
of X and for m e AEo(X) put 

n n 

\\m\\AE = i^i{^\aj\d{pj,qj): TO = ^aj(xp, -Xq,)}- 
j=i j=i 

Then || • \\ae is a norm and the completion of (AEo(A'), || • \\ae) is called the Arens- 
Eells space of {X,d) and denoted by (AE(X),|| • \\ae)- Moreover, w{AE{X)) = 
w{X). 

It is an easy observation that every isometry u: X ^ Y between complete metric 
spaces X and Y induces a unique linear isometry AE(u) : AE(A') — > AF,{Y) such 
that AE(w)(xj, — Xq) = Xu{p) — Xu(q) for any p,q £ X. The following is left to the 
reader (it is surely well-known, but probably nowhere explicitly stated). 

5.2. Lemma. For every complete metric space {X,d), the function 
(5-1) Iso(X, d)3u^ AE{u) e Iso(AE(X), || • \\ae) 

is both a group homomorphism and a topological embedding. 

The homomorphism appearing in (5-1) is hardly ever surjective. There is how- 
ever a fascinating result discovered by Mayer- Wolf [17] (cf. Proposition 2.4.5 and 
Theorem 2.7.2 in [29]) which characterizes all isometries of the space AE{X) under 
some additional conditions on the metric of X. Below we formulate only a special 
case of it, enough for our considerations. 
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5.3. Theorem. Let d be a bounded complete metric on a set X. Let AE{X) denote 
the Arens-Eells spaces of {X, Vd). Every linear isometry of AE{X) onto itself is of 
the form ± AE(u) where u e Iso(X, ^/d). 

Wc shall also need quite an intuitive result stated below. Although its proof is 

not immediate, we leave it to the reader as an exercise. 

5.4. Lemma. Let X be a two-dimensional real vector space, || • || be any norm on 
X and let a and b be two vectors in X. 

(a) // Bx (0, 2) C Bx {b, 2) U Bx [a, then b = 0_. 

(b) //||a|| =||6|| =2 and Bxib,l) C Bx{0,2)UBx{a,l), then a = b. 

Proof of Theorem 1.2 and point (&) of Proposition 1.5. For Theorem 1.2 is a spe- 
cial case of point (b) of the proposition, we focus only on the proof of the latter 
result. It follows from Corollary 4.6 that there is a complete metric space {Y, g) 
such that w{Y) = (3 and Iso(Y, g) is isomorphic to G. Since Iso(y, g) = Iso(y, 2+2g ) 
and the metric 2+2e complete (and compatible), we may and do assume that 
£i< i. We also assume that Y (1 [0, 1] = 0. Let X = Y U[0,1]. We define a metric 
on X by the rules: 

• d{s,t) = \s~t\ for s,te [0, 1], 

• d{x,y) = g{x,y) for x,y eY, 

• d{x, t) = d{t, x) = l + t fov X gY andt G [0, 1]. 

We leave it as an exercise that d is indeed a metric, that d is complete and w{X) = /3. 
Notice that for any ae X and t G [0, l](c X): 

• a = 1 3b,cG X: d{a, 6) = | A d{a, c) = 2, 

• a = t <s=^ d{a, 1) = 1 - i. 

The above notices imply that for every / e lso{X, d) we have f{t) = t ioi t E [0, 1] 
and f\Y G Iso(y, g). It is also easy to see that each isometry of (Y, g) extends 
(uniquely) to an isometry of {X,d). Hence the function Iso(X, d) 9 / i->- /|y € 
lso{Y,g) is a (well defined) isomorphism. Now let {E,\\ ■ ||) = (AE(X), || • \\ae) 
be the Arens-Eells space of {X, y/d) and let e = xi — Xo- We see that w{E) = (3 
and E is infinite-dimensional, since X is infinite. What is more, it follows from 
Theorem 5.3 that every linear isometry of E which leaves the point e fixed is of the 
form AE(zt) for some u G lso{X,Vd). Since AE(M)(e) = e for any u G lso{X,d) 
(because u(0) = and u(l) = 1 for such u), the notice that Iso(X, d) = Iso(X, ^) 
and Lemma 5.2 finish the proof. □ 

Our next aim is to show points (a) of both Theorem 1.1 and Proposition 1.5. 
In the proof we shall involve the next three results. The first of them is due to 

Mankiewicz [16]: 

5.5. Theorem. Whenever X and Y are normed vector spaces, U and V are con- 
nected open subsets of, respectively, X and Y, then every isometry of U onto V 
extends to a unique affine isometry of X onto Y. 

We recall that a function ^: X ^ Y between real vector spaces X and Y is 
ajfine if $ — $(0) is linear. 

The following result is a consequence e.g. of [7, Theorem VI.6.2] and a famous 
theorem of Torunczyk [26, 27] which says that every Banach space is homeomorphic 

to a Hilbcrt space. 

5.6. Theorem. Every closed convex set in an infinite- dimensional Banach space 
whose interior is nonempty is homeomorphic to an infinite- dimensional Hilbert 
space. 
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Our last tool is the next result which in the separable case was proved by Mogilski 
[19]. The argument presented by him works also in nonseparable case. This theorem 
in its full generality may also be briefly concluded from the results of Torunczyk 
[26, 27]. 

5.7. Theorem. Let X he a metrizable space. If X is the union of its two closed 
subsets A and B such that each of A, B and Ar\B is homeomorphic to an infinite- 
dimensional Hilbert space H, then X itself is homeomorphic to H. 

We are now ready to give 

Proof of points (a) of Theorem 1.1 and Proposition 1.5. Again, observe that point 
(a) of the theorem under the question is a special case of point (b) of the proposition. 
Therefore we focus only on the latter result. Let E and e be as in point (b) of 
Proposition 1.5. Replacing, if needed, e by 2e/||e||, we may assimic that ||e|| = 2. 
Denote by £ the group of all linear isometrics which leave e fixed. Let W = 
Be{0,2) U Bsie,!) be equipped with the metric p induced by the norm of E. 
Notice that iiV € £, then V{W) = W and € lso{W,p). Conversely, for each 
g £ lao{W,p), g = for some linear isometry V € £. Let us briefly justify this 
claim. Let x = g{0) and y = g{e). Then W C Be{x, 2)UBE{y, 1) and consequently 
Bx{0, 2) c Bx{x, 2) U Bx{y, 1) where X is a two-dimensional linear subspace of E 
which contains x and y. We infer from point (a) of Lemma 5.4 that 3; = 0. So, = 
2 (since g is an isometry) and thus Byie, 1) C By{0, 2)UBY{y, 1) where F is a two- 
dimensional linear subspace of E such that e,y gY. Now point (b) of Lemma 5.4 
yields that y = e. We then have g{BE{0, 2) U Bsie, 1)) = Be{0, 2) U Bsie, 1). So, 
an application of Theorem 5.5 gives our assertion: there is a linear (since g{0) = 0) 
isometry V of E which extends g. 

Having the above fact, we easily see that the function £ B V 1-^ £ lso(W,p) 
is an isomorphism. Consequently, G is isomorphic to lso{W,p). So, to finish the 
proof, it suflices to show that W is homeomorphic to H/s- But this immediately 
follows from Theorems 5.6 and 5.7, since w{E) = (3 and the sets Be{0, 2), Be^c, 1) 
and i?£;(0, 2) n i?£;(l, 2) arc closed, convex and have nonempty interiors. □ 

Proof of Corollary 1.6. It suflaces to apply Proposition 1.5 and point (f) of Propo- 
sition 4.3. □ 

The arguments used in the proofs of both points of Proposition 1.5 may simply 
be employed to show the following 

5.8. Corollary. Let G be a Q^-complete topological group of topological weight not 

exceeding /? Hq. There are an infinite- dimensional normed vector space E of 
topological weight j3, a contractible open set U C E and a nonzero vector e € E 
such that the topological groups G, lso{U,d) and Iso(S|e) are isomorphic where d 
is the metric on U induced by the norm of E andIso{E\e) is the group of all linear 

isometrics of E which leave the point e fixed. 

Proof. Let (ioi^'o) be a metric space such that u'(lo) = /3 and Iso(loi£'o) is iso- 
morphic to G (cf. Theorems 1.4 and 3.2). Denote by {Y,g) the completion of 

{Yo, go). Now let {X, d), (AE(X), || • \\ae) and e be as in the proof of point (b) of 
Proposition 1.5. We know that the function 

Iso(X, d)3u^ AE{u) e Iso(AE(X)|e) 

is an isomorphism. Denote by E the linear span of the set {xa — Xb- a,b G 
Yo U [0, 1]}(C AE{X)) (recaU that X = Yu[0, 1]). Observe that if u e Iso{X, d) 
is such that AE{u){E) = E, then u{Yo U [0,1]) = Yq U [0,1] and consequently 
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u{Yo) = Yq (see the proof of point (b) of Proposition 1.5). This yields that also the 
function 

Iso(yo, £>o) 3 w H> AE(u)|^ e Iso(E|e) 

is an isomorphism. Now it suffices to put U = Be{0, ||e||) Ui?f;(e, ^||e||) and repeat 
the proof of point (a) of Proposition 1.5 (involving Lemma 5.4 and Theorem 5.5) to 
got the whole assertion. {U is contractible as the union of two intersecting convex 
sets.) □ 

Taking into account Corollary 1.6, the following two questions arise: 

5.9. Problem. Let G be a C^s-complctc topological group. 

• When is G isomorphic to the isometry group of a completely metrizable 
metric space? 

• If G is isomorphic to the isometry group of a completely metrizable metric 
space, is it isomorphic to the isometry group of a (possibly incomplete) 
metric space homeomorphic to a Hilbert space? 

6. Compact and locally compact Polish groups 

This section is devoted to the proofs of points (b) and (c) of Theorem 1.1. Our 
main tool will be the following result, very recently shown by us [20]. 

6.1. Theorem. Let G be a locally compact Polish group, X be a locally compact 

Polish space and let G x X ^ {g,x) i— )■ g.x € X he a continuous proper action of G 
on X. Assume there is a point oj € X such that the set G.io = {g.uj: g G G} is 
non-open and G acts freely at w (that is, g.uj = co implies g = the neutral element 
of G). Then there exists a proper compatible metric d on X such that lso{X,d) 
consists precisely of all m,aps of the form x i— > g.x (5 G G). 

We recall that (under the above notation) the action is proper if for every com- 
pact set K c X the set{5feG: g.K (1 K ^ 0} is compact as well (where 
g.K = {g.x: x G K}). 

Our next tool is the following classical result due to Keller [14] (see also [7, 
Theorem III.3.1]). 

6.2. Theorem. Every infinite- dimensional compact convex subset of aFrechet space 
is homeomorphic to the Hilbert cube. 

We recall that a Frechet space is a completely metrizable locally convex topo- 
logical vector space. 

We call a function u : {X, d) ^ R (where {X, d) is a metric space) nonexpansive 
iff \u{x) — u{y)\ ^ d{x.y) for all x,y G X. The function u is a Katetov m,a,p iff ti 
is nonexpansive and additionally d{x,y) ^ u{x) + u{y) for any x,y ^ X. Katetov 
maps correspond to one-point extensions of metric spaces. 

We are now ready for proving point (b) of Theorem 1.1. 

Proof of point (&) of Theorem 1.1. Let G be a compact Polish group. Take a left 
invariant metric ^ ^ 1 on G and equip the space X = G x [0,1] with the metric d 
where d{{x, s), (y, t)) = max{Q{x, y), \t — s\). For g G G denote by tpg the function 
X 3 {x,t) {g~'^x,t) G X. Notice that V-'g G Iso(G, X) for any g G G. Let A be 
the space of all nonexpansive maps of {X, d) into [0, 1] endowed with the supremum 
metric. Observe that A is a convex set in the Banach space of all real-valued maps 
on X. What is more, A is infinite-dimensional, since X is infinite, and A is compact, 
by the Ascoli type theorem. So, we infer from Theorem 6.2 that A is homeomorphic 
to Q. Further, $g(u) := u o g A for any g G G and u G A (because ipg is 
isometric). It is also easily seen that the function G x A B {g,u) ^s(w) € A is a 
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(proper — since both G and A are compact) continuous action of G on A. Finally, 
the function uj: X 3 {x,t) ^ d{{x,t), (e, 1)) G M belongs to A (since d < 1) where 
e is the neutral element of G. Observe that the set {cj o -0^ : g G} has 

empty interior in A (since ^ + (1 ^ o ^pg ^ A \ K for any n ^ 1) and 

(6-1) u) o -ipg = u) <^=^ g — e. 

Now Theorem 6.1 yields that there is a compatible metric A on A such that 
Iso(A, A) = {^g'. g € G}. To end the proof, note that the function G B g i-^ 
$g G Iso(A, A) is an isomorphism of topological groups, by (6-1). □ 

Our last aim is to prove point (c) of Theorem 1.1. To this end, we need more 
information on Hilbert cube manifolds. We begin with Toruiiczyk's [25] definition 
of a Z-sct (this notion is due to Anderson [2], but his original definition is different; 
both the definitions are however equivalent in ANR's). A closed set ii" in a metric 
space X is a Z-set iff every map of Q into X may uniformly be approximated by 
maps of Q into X \ K. 

One of the deepest results in infinite-dimensional topology is Anderson's theorem 
on extending homeomorphisms between Z-sets [2]. Below we formulate it only in 
the Hilbert cube settings, it holds however in a much more general context. (For 
the discussion on this topic consult [7, Chapter V]; see also [3] and [8]). 

6.3. Theorem. Every homeomorphism between two Z-sets in the Hilbert cube Q is 
extendable to a homeomorphism of Q onto itself. 

The result stated below is a kind of folklore in Hilbert cube manifolds theory. 
We present its short proof, because we could not find it in the literature. 

6.4. Theorem. The spaces Q x [0, oo) and Q \ {point} are homeomorphic. 

Proof. Since (5\ {point} is a Hilbert cube manifold, it follows from Schorl's theorem 
[22] (see also [9]; compare with [7, Theorem IX. 4.1]) that {Q \ {point}) x Q is 
homeomorphic to Q \ {point}. Now the assertion follows from Theorem 6.3 since 
{Q X [0, 1]) \ (Q X [0, 1)) = Q X {1} is a Z-set in Q x [0, 1] homeomorphic to the 
Z-set (in QxQ) {QxQ)\ [{Q \ {point}) x Q]. □ 

6.5. Lemma. Let (X, d) be a nonem,pty separable metric space and let E{X) be the 
set of all Katetov maps on {X, d) equipped with the pointwise convergence topology. 

(i) For any a G X and r > the set {/ G E{X): f{a) ^ r} is compact (in 

E{X)). 

(ii) E{X) X Q is homeomorphic to Q\ {point}. 

Proof. Point (i) follows from the Ascoli type theorem, since E{X) consists of non- 
expansive maps and for any / € E{X) and x G X, f{x) G [0, d{x, a) + f{a)]. 

We turn to (ii). First of all, E{X) is mctrizable, because of the separability of X 
and the nonexpansivity of members of E[X). Further, thanks to Theorem 6.4, it 
suffices to show that E{X) x Q is homeomorphic to Q x [0, oo). Fix a G X and let 
w e E{X) be given by lu{x) = d(a, x). For each n ^ 1 let Kn = {/ € E{X) : f{a) e 
[n — 1, n]} and Zn-i = {f G E{X) : f{a) = n — 1}. We infer from (i) that Kn and 
Zn-i are compact. It is also easily seen that both they are convex nonempty sets 
(lu + n — 1 G Zn~\ C i^n). Since x Q and Z„_i x Q arc affinely homeomorphic 
to convex subsets of Frechet spaces. Theorem 6.2 yields that both these sets are 
homeomorphic to Q. Let : Z^-x x Q ^ Q x {n — 1} be any homeomorphism. 
We claim that U Z„ is a Z-set in Kn- This easily follows from the fact that the 
maps if„ 9 / H> (1 - i)/ +\{ix)^-n-\) GKn send Kn into Kn \ {Zn-i U Z„) and 
converge uniformly (as k oo) to the identity map of Kn. Since Q x {n — 1, n} is a 
Z-set in Q X [n — 1, n]. Theorem 6.3 provides us the existence of a homeomorphism 
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Hn'. Kn X Q ^ Q X [n — l,n] which extends both hn-i and We claim that 
the union H : E{X) x Q ^ Q x [0,oo) of all -ff„'s (n > 1) is the homeomorphism 
we search. It is clear that _ff is a well defined bijection. Finally, notice that the 
interiors (in E{X)) of the sets U^=i ^ 1) cover X and hence H is indeed a 

homeomorphism. □ 

Proof of point (c) of Theorem 1.1. Let G be a locally compact Polish group. By a 

theorem of Struble [24] (see also [1]), there exists a proper left invariant compatible 
metric d on G. Let E{G) be the space of all Katetov maps on (G, d) endowed with 
the pointwise convergence topology. By Lemma 6.5, L := E{G) x Q is homeomor- 
phic to Q \ {point}. So, it suffices to show that there is a proper compatible metric 
e on L such that Iso(L, g) is isomorphic to G. For any g £ G and (/, q) £ L let 
9-{f^Q) = (/g)9) S L where fg{x) = f{g~^x) (since d is left invariant, fg G E{G) 
for each / <E E{G)). As in the proof of point (b) of the theorem, we see that the 
function G x L 3 {g,x) i-^ g.x G L is a continuous action of G on L. It is also clear 
that each G-orbit (i.e. each of the sets G.x with x G L) has empty interior. Simi- 
larly as in point (b) we show that there is lj £ L such that G acts freely at oj (for 
example, ui = {u, q) with arbitrary q € Q and u{x) = d{x, e) where e is the neutral 
element of G). So, by virtue of Theorem 6.1, it remains to check that the action is 
proper (see the proof of point (b) of the theorem). To this end, take any compact 
set W in L. Then there is r > such that W C {f € E{G) : /(e) ^r}xQ. Note 
that the set {g &G: g.W f\W ^ 0} ]s closed and contained m D x Q where 

D = {g€G\ 3/ e E{G) : /(e) < r A f{g-^) < r} 

and therefore it is enough to show that D has compact closure in G. But if p e I?, 
and / e E{G) is such that /(e) < r and f{g~^) ^ r, then d{g,e) = d{e,g^^) ^ 
/(e) + f{g~^) ^ 2r. This yields that D C 5^(6, 2r) and the note that d is proper 
finishes the proof. □ 

6.6. Remark. Van Dantzig and van dcr Wacrdcn [10] proved that the isometry 
group of a connected locally compact metric space {X, d) (possibly with non-proper 
or incomplete metric) is locally compact and acts properly on X. It follows from 
our result [20] that then there exists a proper compatible metric ^ on X such that 

Iso(X, d) — Iso(X, g). In particular, 

{Iso((5 \ {point}, d): d is a compatible metric} = 

= {Iso((5 \ {point}, g): g \s s. proper compatible metric} 

and hence if we omit the word proper in point (c) of Theorem 1.1, we will obtain 
an equivalent statement. 

As we mentioned in the introductory part, each [locally] compact finite-dimen- 
sional Polish group is isomorphic to the isometry group of a [proper locally] compact 
finite-dimensional metric space. Taking this, and Corollary 4.7, into account, the 
following question may be interesting. 

6.7. Problem. Is every finite-dimensional metrizable (resp. Polish) group isomor- 
phic to the isometry group of a finite-dimensional (resp. separable complete) metric 

space? 
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